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motivation
feature extraction

Micron Nanorobotics

1. keypoint selection

• rotation

• translation

• blur/scale

2. feature descriptor

3. RANSAC,BHT

https://cordis.europa.eu/fetch?CALLER=PROJ_IST&ACTION=D&RCN=61495
https://gow.epsrc.ac.uk/ViewGrant.aspx?GrantRef=GR/S85696/01


state of the art
keypoint selection

Roberts cross

Harris-Stephens

Kanade-Lucas-Tomasi

SIFT (Lowe), MOPS (Brown et al.)

next generation feature extractor?

https://homepages.inf.ed.ac.uk/rbf/HIPR2/roberts.htm
https://www.csse.uwa.edu.au/~pk/Research/MatlabFns/Spatial/Docs/Harris/
https://faculty.cs.tamu.edu/jchai/CPSC641_fall07/shi_tomasi_94.pdf
https://www.cs.ubc.ca/~lowe/keypoints/
https://research.microsoft.com/research/pubs/view.aspx?msr_tr_id=MSR-TR-2004-133


Thomas Bülow

Hypercomplex Spectral Signal Representations for Image
Processing and Analysis

https://www.ks.informatik.uni-kiel.de/~vision/doc/Dissertationen/Thomas_Buelow/diss.ps.gz
https://www.ks.informatik.uni-kiel.de/~vision/doc/Dissertationen/Thomas_Buelow/diss.ps.gz


Ivan Selesnick

The design of approximate Hilbert transform pairs of
wavelet bases

https://taco.poly.edu/selesi/pubs/HilbertPairTSP.pdf
https://taco.poly.edu/selesi/pubs/HilbertPairTSP.pdf


Nick Kingsbury

Image processing with complex wavelets

https://www-sigproc.eng.cam.ac.uk/~ngk/publications/ngk99a.zip


Ivan Selesnick, Richard G. Baraniuk, Nick Kingsbury

The dual-tree complex wavelet transform

https://www-sigproc.eng.cam.ac.uk/~ngk/publications/ngk_SPmag_nov05.pdf


1-D basis wavelets (Selesnick)

wavelets for K = K̃ = 5 and L = 4

recursion
G0(z)

G1(z)

2 2G̃0(z)

G̃1(z) 2 2

recursion
2 2H̃0(z)

H̃1(z) 2 2
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dual-tree complex wavelet transform (Kingsbury)
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commutative hypercomplex algebra

multiplication table of H

1 i j k

1 1 i j k

i i −1 k − j

j j k −1 −i

k k − j −i 1



test image

require ’selesnick’

require ’kingsbury’

img=MultiArray.load_grey8("circle.png")

hwt=HWT.new(MultiArray::SFLOAT)

himg=hwt.decompose(hwt.prepare(img),3)

img2=hwt.finalise(hwt.compose(himg,3))

diff=img2-img

diff.range

# -0.00522037548944354..0.0319054499268532

diff.normalise.display

Math::sqrt((diff**2).sum/diff.size)

# 0.00274400669319458



hypercomplex components

1
A = H, B = H

i
A = G, B = H

j
A = H, B = G

k
A = G, B = G

A0(z1) B0(z2)

A1(z1) B0(z2)

A0(z1) B1(z2)

A1(z1) B1(z2)



wavelet tree



linear combinations of 1-D basis wavelets

animating ∆x

10
1
 i0
101

1
0i
1

V ′(z) =
∑

a∈{0,1}
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animations require Javascript



2-D separable basis wavelets
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linear combinations of 2-D basis wavelets

animation

V ′(z1, z2) =
∑

a,b∈{0,1}

Ha(z1) Hb(z2)R(v′a,b)+

Ga(z1) Hb(z2)I(v′a,b)+

Ha(z1) Gb(z2)J(v′a,b)+

Ga(z1) Gb(z2)K(v′a,b)

V′ =e
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, V ∈ C2×2

animations require Javascript



coping with rotations (Kingsbury) (Bharath,Ng)

Rotation-invariant local feature matching
with complex wavelets

A steerable complex wavelet construction
and its application to image denoising

https://www-sigproc.eng.cam.ac.uk/~ngk/publications/Kingsbury_Eusipco06.pdf
https://www-sigproc.eng.cam.ac.uk/~ngk/publications/Kingsbury_Eusipco06.pdf
https://dx.doi.org/10.1109/TIP.2005.849295
https://dx.doi.org/10.1109/TIP.2005.849295


wavelet editor



blob-like pattern
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animations require Javascript



edge pattern
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animations require Javascript



cross pattern

(1 + i + j + k) cos(α)
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cos(α)H1+sin(α)H2, where H1,H2 ∈ HCA2×2

animations require Javascript



conclusion

• improved understanding of high frequency pattern

• enable use of hypercomplex wavelets beyond edge detection

• several fully steerable patterns (translation, rotation)

• hypercomplex matrices for representing local structure

animations require Javascript



future work

• complete basis of steerable patterns? rotation around any point?

• understand interaction between neighbouring coefficients

• understand interaction of different layers of wavelet pyramid (Kingsbury)

• choose keypoints, descriptors

animations require Javascript



Hornetseye
GPL (free and open source software)

http://rubyforge.org/projects/hornetseye/

http://sourceforge.net/projects/hornetseye/

http://vision.eng.shu.ac.uk/mediawiki/index.php/Hornetseye

http://raa.ruby-lang.org/project/hornetseye/

http://www.wedesoft.demon.co.uk/hornetseye-api/

https://rubyforge.org/projects/hornetseye/
https://sourceforge.net/projects/hornetseye/
https://vision.eng.shu.ac.uk/mediawiki/index.php/Hornetseye
https://raa.ruby-lang.org/project/hornetseye/
https://www.wedesoft.demon.co.uk/hornetseye-api/


filter design (Selesnick)

perfect reconstruction

recursion
G0(z)

G1(z)

2 2G̃0(z)

G̃1(z) 2 2

recursion
2 2H̃0(z)

H̃1(z) 2 2

H0(z)

H1(z)

Thiran filter (τ = 0.5)
d(n) =

(
L−1

n

)
(−1)n∏n−1

k=0
τ−L+1+k
τ+1+k

vanishing moments

K = 1 1 − 1

K = 2 1 − 2 1

K = 3 1 − 3 3 − 1

K = 4 1 − 4 6 − 4 1

. . . . . .

1
2
(
H̃0(z)X(z) + H̃0(−z)X(−z)

)
H0(z)+

1
2
(
H̃1(z)X(z) + H̃1(−z)X(−z)

)
H1(z) =(∗) X(z)

⇔

H̃0(z) H0(−z) + H̃1(z) H1(−z) = 0 (1)

H̃0(z) H0(z) + H̃1(z) H1(z) = 2 (2)

⇐

H1(z) = H̃0(−z)

H̃1(z) = −H0(−z)
(1)X

H0(z) = Q(z) (1 + z−1)K D(z)

H̃0(z) = Q̃(z) (1 + z−1)K̃ D(z−1) z1−L
(2)· · ·

(∗) [↑ 2]
(
[↓ 2]
(
x(n)
)) c ........... s 1

2
(
X(z) + X(−z)

)



filter design (Selesnick)

perfect reconstruction

recursion
G0(z)

G1(z)

2 2G̃0(z)
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)
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K = 1 1 − 1

K = 2 1 − 2 1

K = 3 1 − 3 3 − 1

K = 4 1 − 4 6 − 4 1
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G̃0(z) G0(z) + G̃1(z) G1(z) = 2 (4)

⇐
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G̃1(z) = −G0(−z)
(3)X
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filter design (Selesnick)

(2)· · ·

H̃0(z) H0(z) + H̃1(z) H1(z) = 2

H1(z) = H̃0(−z)

H̃1(z) = −H0(−z)

H0(z) = Q(z) (1 + z−1)K D(z)

H̃0(z) = Q̃(z) (1 + z−1)K̃ D(z−1) z1−L

9
1 = H̃0(z) H0(z) = (1 + z−1)K+K̃ D(z) D(z−1) z1−L︸                                ︷︷                                ︸

CS (z)

Q̃(z) Q(z)︸     ︷︷     ︸
CR(z)



filter design (Selesnick)

(4)· · ·

G̃0(z) G0(z) + G̃1(z) G1(z) = 2

G1(z) = G̃0(−z)

G̃1(z) = −G0(−z)

G0(z) = Q(z) (1 + z−1)K D(z−1) z1−L

G̃0(z) = Q̃(z) (1 + z−1)K̃ D(z)

9
1 = G̃0(z) G0(z) = (1 + z−1)K+K̃ D(z) D(z−1) z1−L︸                                ︷︷                                ︸

CS (z)

Q̃(z) Q(z)︸     ︷︷     ︸
CR(z)



filter design (Selesnick)

(2,4)· · ·

S (z) Q̃(z) Q(z)︸     ︷︷     ︸
R(z)

= 1⇔


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1


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rN−1

rN

1
=



...

0

1

0
...

1
{ R(z)



spectral factorisation (Laguerre)

Laguerre

Input: Polynomial p(x)
Output: zero crossing o ∈ C of p
x 7→ 0.0 + 0.0 i; c 7→ 100;
while c ≥ 0 do

if |p(x)| sufficiently small then
return o = x;

end
g = p′(x)/p(x);
h = g2 − p′′(x)/p(x);
if |g + d| > |g − d| then

a = n/(g + d);
else

a = n/(g − d);
end
x 7→ x − a; c 7→ c − 1;

end

spectral factorisation
R(z) symmetric, real-valued

Re

Im

tuples

Re

quadruples

Im

Re

Im

tuples

Re

quadruples

Im

Re

Im

tuples

Re

quadruples

Im

Q(z) Q̃(z)
H0(z) = Q(z) (1 + z−1)K D(z)
H̃0(z) = Q̃(z) (1 + z−1)K̃ D(z−1) z1−L

H1(z) = H̃0(−z), H̃1(z) = −H0(−z)
(2,4)X
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